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Abstract
Let T'(G) = (V(F(G)), E(F(G))) be a zero divisor graph. A dominating set S of
V(r(G)) is a secure dominating set of T'(G) if for every vertex x € V(I'(G)) — S,
there exists y € Np(z)(x) NS such that (S —{y}) U{x} is a domination set. The

minimum cardinality of a secure dominating set of I'(G) is called secure
domination number. In this paper, the secure domination number of zero divisor

graphs is obtained and also studied the structure of this parameter in I'(Z,).
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I INTRODUCTION

In 1988, Istvan Beck [2] introduced zero divisor graphs and studied the coloring properties
of a graph, whose vertices are all the elements of the ring and two vertices are adjacent if their
product is equal to 0. This definition was redefined and simplified in 1999 by Anderson and
Livingston [1] to the zero-divisor graphs. The vertices of the zero-divisor graph are all non-zero
zero-divisors and two distinct vertices x and y are adjacent if and only if xy = 0. On Compared
with the Beck’s zero divisor graph, Anderson and Livingston [1] excluded zero element, thus the
properties of the zero-divisors in the ring were clearly studied. In 1962, Berge [3] defined the
concept of the domination number of a graph, calling this as “coefficient of external Stability”
and Ore [8] used the name dominating set and domination number for the same concept. In 1977
Cockayne and Hedetniemi [4] made an interesting and extensive survey of the results know at that
time about dominating sets in graphs. They have used the notation y(G) for the domination
number of a graph, which has become very popular since then. The survey paper of Cockayne and
Hedetniemi [4] has generated lot of interest in the study of domination in graphs. The study of
domination parameters and related topics is one of most rich and fast developing area in graph

theory. There are 2000 research papers were published in different journals. Collection of results
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and open problems on various dominating sets were published in [6, 7]. Some works on zero
divisor graphs and total graphs can be found in [9, 10, 11]. In this paper, secure dominating set of

a zero divisor graph is defined and also the secure domination number of I'(Z,) are obtained

under various constraints. Finally some results related to this parameter are stated and proved.

2 Preliminaries

Definition 2.1

Let R be a commutative ring with 1 # 0, and let Z(R) be its set of zero divisors. The zero-
divisor graph of R, denoted by I'(R) = (V(F ®)), E(r (R))) is the (undirected) graph with
vertices V(T(R)) = Z(R)* = Z(R)\ {0}, the nonzero zero-divisors of R, and for distinct
X,y € V(F(R)), the vertices x and y are adjacent if and only if xy = 0.

I'(R) is the null graph if and only if R is an integral domain.
Note: Here after, we consider a simple graph I'(R) to R with vertices commutative ring R by Z,
and the zero divisor graph T'(R) by I'(Z,).
Definition 2.2

Let I'(Z,) be a zero-divisor graph. A subset S of V(I'(Z,,)) is a dominating set if every

vertex in V(I'(Z,,)) — S is adjacent to atleast one vertex in S.

The minimum of the cardinality of a dominating set is the domination number of a graph
I'(Z,,) and its denoted by )/(F(Zn)).

Definition 2.3

Let ['(Z,,) be a simple graph with the vertex set V(I'(Z,,)). The neighborhood of x is the
set Nrezp () ={y e V(I'(Z,)) | y On x = 0}.

Definition 2.4
A vertex x € V(F (Zn)) is said to be a pendant vertex if its neighborhood contains exactly
one vertex. i.€., Np(z,) (x) is a singleton set.

Definition 2.5
Let I'(Z,) be a zero divisor graph. The degree of a vertex y is denoted by d(y) and
defined as number of edges incident to it.

The maximum degree of I'(Z,,) is denoted by A(F(Zn)) = max{d(y): y € V(F(Zn))}
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3 SECURE DOMINATION NUMBEROFI(Z,)

Definition 3.1

A dominating set S of I'(Z,) is said to be a secure dominating set if for each vertex
X € V(F(Zn)) — S, there exist y € Np(z)(x) N S, such that (S —{y}) U{x} is the dominating
set.

The minimum cardinality of a minimal secure dominating set is called a secure
domination number. It is denoted by the symbol ySd(F(Zn)), the corresponding minimum secure
dominating set is denoted by y*%¢ —set.

Theorem 3.2
LetT (Z zp) be a zero divisor graph with prime number p = 3. Then y$¢ (I‘(Z zp)) =p-—-1
Proof:

Letl (Z Zp) be a zero divisor graph.
Let p be any prime number with p > 3.

Then V (I(Z5)) = (246,...2(p — 1, p}.
Letx = 2(p — 1) and y = p be two vertices, then
X Oy =2(p—1) Ozpp = 0 (since x.y is a multiple of 2p)
Hence xy € E (F(Zzp))
Similarly,
letxeV (F(Zzp)) —{y}andy = p theny O, x = 0.
Consider S =V (F(Z zp)) —{y} is a dominating setand it has p — 1 elements
Take x € S, then
For every y€V (F (Zzp)) — S, there exists x € Np(zzp)(y) N S such that ((S —{xhu {y}) is

also a dominating set.
Thus S is a y5¢ —set.

Hence y5¢ (F(Zzp)) =p—1

Theorem 3.3

Let [(Z 3p) be a zero divisor graph with prime number p > 3. Then y5¢ (F(Z3p)) = 2.
Proof:

LetT (Z 3p) be a zero divisor graph and p > 3 be a prime number.

The vertex set V (I(Z35)) = {3,6,9, ...,3(p — 1), p, 2p}.

Lety € T(Z3,) with d(y) = A(T(Z5)).

Let z be a another vertex with d(z) = A in T'(Z 3p) then

Either z =p,y =2p(or) z=2p,y =p Page No : 2435



Then z O3,y = 2p O3, p # 0 (since z.y is not divisible by 3p).
zy ¢ E(1(23))
Let x be any vertex in V (F(Z3p)) —{z,y} such that z O3, x =y O3, x = 0.
Then zx, yx € E (I(Z3,)).
Let S = {zy} €V (I(Z3,) ) is a dominating set.

Foreveryx €V (F(Z3p)) — S, there exists z € NF(ng) (x) NS such that (S — {z}) U{x} = {y,x}is a also
dominating set. Thus S is a y5¢ —set.

Hence y5¢ (F(Z3p)) = 2.

Theorem 3.4

Let F(Z 4p) be a zero divisor graph with prime number p > 5. Then yS4(T'(Z ap))=3.

Proof:

LetT (Z 4p) be a zero divisor graph and p > 5 be a prime number.

The vertex setof V (I(Zy))= {246, ..., 22p—1), p, 2p, 3p}.

Let x = 2p and tis any even number from 2 to 2(2p — 1).

Clearly x O4p t = 2p O4p 2(2p — 1) = 0 (since x.t is a multiple of 4p)

Hence xt € E (F(Z4p))

Also,let x=2p , y=p and z=3parein V (F(Z4p)).

Then x ©Oupy =2p O4pp # 0, (since x.y is not divisible by 4p).
Y Oupz=p Oup3p # 0and, (sincey.z is not divisible by 4p).
X Oupz=2p Oup3p #0 (since x.z is not divisible by 4p).
xy,yz,2x € E (T (Zsp))

Let u, =4n €V (r(z4,,)) wheren =1,2,3, ...,p — 1.

Then u, O4p y=u, O4pz = 0 wheren=1,23,..,p — 1.

Hence u,y,u,z € E (F(Z4p)).

Choose uj, € {u,}andlet S = {x,y,u;} <V (F(Z4p)) be a dominating set.

For every u} € V(F(Z4p)) —S , there exists y € Npz,,)(uy)NS such that

S —{yP) ufuy} = {x, uyu;}is also a dominating set, for some uj,u; € {u,}and uj, # uj}".
Thus S is a y5¢ —set.

Hence 54 (F(Z4p)) = 3.

Theorem 3.5

Let F(Z 5p) be a zero divisor graph with prime number p > 5. Then y5¢(I'(Z 5p)) = 3.

Proof:
Page No : 2436



LetT (Z SP) be a zero divisor graph with p > 5.

The vertex set of V(T'(Zsp)) = {5,10,15,. ...,5( — 1),p, 2p, 3p, 4p}.

Now, the vertex set V(F Z 5p)) can be partition in the two parts V; and V, with
UV, = V(I (Zsp)).

Consider V; = {5,10,15,. ...,5(p — 1)} and V, = {p, 2p, 3p, 4p}.

Letx,y €Vj

Then x Osp ¥y # 0, (since x.y is not divisible by 5p).

Similarly,

Let z,w € V,.
Then z Osp w # 0, (since z.w is not divisible by 5p).

Therefore xy,zw & E (F (z Sp))

Hence no vertices of V; is adjacent to any vertices of 1.
Similarly, no vertices of V5 is adjacent to any vertices of V5.
Letx €V and y € V5.

Then x ©Osp y = 0. (since x. z is a multiple of 5p)

Hence xy € E (F(Zsp)).

Therefore, every vertex in 1 is adjacent to any vertices in V5.

Consider S = {x,z, w} C V(F(Zsp)) is a dominating set.

For every y € V(F(Zsp)) — S, there exists z € Ny, (y) NS such that (S —{z}) U {y} ={x,w,y}
is also a dominating set.

Thus S is a y5¢ —set.

Hence y5%(I'(Zsp)) = 3.

Theorem 3.6

Let F(Z 7p) be a zero divisor graph with prime number p > 7, Then yse (F(Z 7p)) = 3.
Proof:

Let F(Z 7p) be a zero divisor graph and p > 7 be a prime number.

The vertex set of ['(Z,) = {7,14,21,..,7(» — 1),p, 2p, 3p, 4p, 5p, 6p}.

Clearly , the vertex V canbe partition in the two parts V; & V5.

vV, ={7,14,21,...,7(p — 1)} and V,_{p, 2p, 3p, 4p, 5p, 6p}.

LetxelV, & z€e,

Then x O, z = 0 (since x. z is a multiple of 7p)

Hence xz € E (F(Z7p)).
Letx,y €l
Then x O, y # 0 (since x.y is not divisible by 7p)

Similarly,

Letz,w eV,
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Then z Oz, w # 0 (since z.w is not divisible by 7p)
xy,zw € E (I(Z5))

Therefore, every vertex in 1 is adjacent to any vertex in V, and vice versa.

Let S ={x,y,z} where x,y €V} & z€V,. For every wE V(F(Z7p)) — S, there exist
x € Ng,, (w) N S such that S — {x} U {w} = {y,z,w}is a dominating set.

Thus S is a y5¢ —set.

Hence y5¢ ( F(Z7p)) =3.

Theorem 3.7

Let F(Z zp) be a zero where p > 3, with p vertices and maximum vertex degree A(F(Z zp)) then

Vs (F(Zzp)) =2p—2-A (F(Zzp)) if and only if F(Zzp) is a star graph.
Proof:
Let y be a vertex with maximum degree A(F(Z Zp)).

If F(Z Zp) is a star, with y is the root, then F(Z Zp) has exactly A(F(Z Zp)) branches from y.
Then the number of leaves (edges) in F(Z Zp) is exactly AF(Z Zp)-

Since y54 (F(Zzp)) =p-—1
Thatis, p—1=2p—2-A(T(Zy))=p-1.
Therefore y, (F(Zzp)) =2p—A (F(Zzp)) - 2.

Conversely, if F(Z Zp) is not a star, then there exist a vertex other than y with degree not less
than 3 in ['(Zp).

This shows that I’ (Z Zp) has more than A (F (Z Zp)) edges, which is contradiction.

Hence the theorem.
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