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Abstract
The aim of this paper is to introduce the class of *d-topological vector spaces as a
structure in topology, in which a vector space X over a topological field K (R or C) is
endowed with a topology T such that the vector space operations are *4-continuous with
respect to T. It is characterized in terms of *d-open sets. Further more, it has been
investigated the condition for a subspace has to be a *d-open sets in *3-topological vector
spaces.
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1. Introduction

In 2015, Khan et al [3] introduced and studied the s-topological vector spaces which
are a generalization of topological vector spaces. In 2016, Khan and Igbal [4] introduced the
irresolute topological vector spaces which are independent of topological vector spaces. In
2019, B-topological vector spaces have been introduced by S. Sharma and M. Ram [9]. After
that S, Sharma et al [10] defined and investigated almost 3-topological vector spaces.

The aim of this paper is to introduce the class of *6-topological vector spaces as a
structure in topology, in which a vector space X over a topological field K (R or C) is
endowed with a topology T such that the vector space operations are *4-continuous with
respect to T. It is characterized in terms of *6-open sets. Further more, it has been
investigated the condition for a subspace has to be a *3-open sets in *3-topological vector
spaces.

Throughout the present paper (X.7) (Simply X) always mean topological space on
which no separation axioms are assumed unless explicitly stated. For a subset A of a space
X,cl(A) and int(A4) denote the closure and the interior of A respectively.

2. Preliminaries

Definition 2.1.[6] A subset 4 of a topological space (X, T) is called
() generalized closed (briefly g-closed) if cI(4) € U whenever A £ U and U is open.

(if) generalized open (briefly g-open) if X\ 4 is closed in X. Page No : 2459



Definition 2.2.[1] Let A be a subset of X. Then
(i) generalized closure of A4 is defined the intersection of all g-closed sets containing 4, and
is denoted by eI*(4).
(ii) generalized interior of A id defined as the union of all g-open subsets of 4 and is denoted
by int*(4).
Definition 2.3.[8] A subset 4 of a topological space (X, T) is
(i) Regular® — openif 4 = int(cl*(A4)).
(i) Regular® — closed if A = cl(int*(A4)).
The Regular®interior of A is defined as the union of all Regular® — open
subsets of 4 and is denoted by r*int(4).
Definition 2.4.[7] The *6- interior of a subset A of X is the union of all Regular® — open
sets of X contained in 4 and is denoted by int, E(.ﬁl].
A subset 4 of a topological space (X,7) is called *6-open if
A =int,_(A4) ie, a set is *3-open if it is the union of Regular® — open sets. The
complement of a *6—open set is called *6—closed set in X.
Definition 2.5.[7] A function f: (X,7) — (¥,d) is said to be *5-continuous if f "> (V) is *5-
closed in (X, T) for every closed set in (¥, a).

Definition 2.6.[2] A topological vector space is a real (or complex) vector space over a field

F with topology T such that the addition mapping m:X X X -+ X defined by
m((x,¥)) = x + v, and the scalar multiplication M: F X X — X defined by M((4,x) ) = Ax
are continuous for each 4 in F and x,v in X.

Definition 2.7.[3] If X is a vector space, € denotes its identity element, and for a fixed
x€EX, xT:X = X;yv—x+y and T.:X =+ X; v— v+x, denote the left and right
translation by A respectively.

Definition 2.8. Let 5 be a subset of a vector space. If § is said to be symmetric then it is

symmetric with respect to the addition group structure of the vector space. ie if

5= —5={—x:x €5}. For any subset 5 of a vector space, SU (—5) and 5N (—5) are

symmetric sets.
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In this section, we are defining the *d-topological vector space over a real or complex
field and derives its characterization.

Definition 3.1. A *3-topological vector space is a vector space X over a field F (real or

complex) with a topology T with the following conditions.

(1) The vector addition mapping m: X X X — X define by m((x,y)) = x + y, for each x, ¥ in
X is *d-continuous
(ii) The scalar multiplication mapping M:F X X — X which define by M((4,x) ) = Ax for
each A in F and x, ¥ in X is *§-continuous.

Then the pair (X¢z,T) is called Topological vector space. In short, it is denoted by X,
a *3-TVS.
Theorem 3.2. A vector space X over a field F with a topology T is *3-topological vector

space iff

(i) for each pair x, ¥ in X and for each open set W of x + ¥ in X, there exists a *3-open set
U in X containing x and a *3-open set V in X containing ¥ such that U +V & W.

(if) for each x in F, x in X and for each open set W containing the point ax, there exists a
*3-open sets U containing @ in F and V' containing x in X such that U.V € W.
Proof: (i) Assume that (X.z,7) is a *3-topological vector space. Let x and ¥ be any two
points in X and W be any open set containing x +¥ in X. Since vector addition map
m: X X X = X is *3-continuous, there exists a *6-open set P X @ containing (x, ¥) such that
f(P = @) € W. Since P and @ are *§-open sets containing x and ¥ respectively, there exists
*d-open sets U containing x and V' containing v such that x € U € P and v € V & @. Then
(x, )V EUXVEPXQ.Hence U+V =f(UXV)E f(PXQ) SW.
(if) Let @ €F, x €X and W be any open set containing ax. Scalar multiplication map
M:F X X — X is *3-continuous, there exists a *d-open set U X V in F X X containing (e, x)
such that M(U X V) € W. Since U is *3-open set in F containing @, there exists a *3-open
set UJ; in K containing @ such that & € U; E U. Similarly, there exists a *3-open set I in X
containing x such that x€&€V, EV. Now (a,x)EU, XxV; EUXV. Then
M((a,x))EM(UXxV)EW.Henceax EM(U X V) =UV S W.

Conversely, assume that the given two conditions hold. Let (x,¥) € X X X be any point

and W be any open set in X containing the point f [(x, }r]) = x 4+ v. By hypothesis, there
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exists a *9-open sets U containing x and V' containing ¥ such that ' +V € W. Then U XV
is a *3-open set in X X X containing the point (x,¥) such that f(UXV)=U+V S W.
Hence the vector addition mapping m is *d-continuous. Now let & € F,x € X be any points
and W be any open set in X containing M((a,x)) = ax. By hypothesis, there exists a *3-
open sets U in F containing @ and V' in X containing x such that UV S W. Since U is a *3-
open set in F containing &, there exists a *d-open set IJ; in F containing @ such that
a € U; € U. Similarly, there exists a *d-open set V; in X containing x such that x € V; S V.
Now (&, x) € Uy X V; S U X V. Then M((a,x)) € M(U X V) = UV € W. This implies that
U X V is a *3-open set in F X X containing the point (&, x) such that M(U X V) & W. Hence
the scalar multiplication mapping M is *3-continuous. Therefore (Xz,T) is a *6-

topological vector space.

Theorem 3.3. Let (X5, T) be a *6-topological vector space. If 4 is open in (X, T), then the

following are true.

(i) x + A is a *6-open for each x € X.

(i) A is a *3-open for each non-zero scalar a in F.

Proof:(i) Let ¥ € x + A, then there exists *6-open sets U and V containing —x and ¥
respectively such that U+V S A, Then -x+VEU+VEA This implies that
VEx+A=y€Eint,_ (x+ A4). Therefore x+ACint, (x+ A4). Always
int, (x+A4)Sx+A. Hence x+A=int_(x+A). Thus x +4 is a *3-open set in
(X, 7)-

(if) Let x € aA. Then there exists *8-open sets U in F containing 1fa and Vin X containing
x such that UV SA. This implies that x €V Sad. Then x € int, (ad). Thus
ad S int, E(a:f-l]. Always int, E(rxﬁl] C aA. Hence ad = int, ﬁ[rxﬁl]. Thus @A is a *8-open set
in (X¢z),7)-

Theorem 3.4. Let [X ( F},T) be a *d-topological vector space. If A is open subset of X, then
A + B is a *6-open set in X for any subset B of X.

Proof: Given 4 is any open subset of X. Let B be any open subset of X. Then by Theorem

33, v+ A isa*d-opensetin X forall y EE.Now A + 5 = U}.EE.(A + ¥). Since arbitrary
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union of *§-open set is *3-open, A +B = U, z(A+ y) is *5-open in X. Thatis, A+ Bis
*d-open in X.

Theorem 3.5. Every open subspace of an *3-topological vector space is also *3-topological
vector space.

Proof: Let [X .:F},I) be any *d-topological vector space and ¥ be any subspace of X. Letx, ¥y
be any two distinct points of ¥. Let W be any open set containing the point x + v in the
subspace Y. By definition of *4-topological vector space, there exists a *d-open set U of x
and a *3-open set V of ¥ in X such that U + ¥V & W. By the definition of subspace topology,
the sets A =UNY and E =V NY are *5-open sets in ¥ containing x and ¥ respectively.
Also A+B=(UnY)+(Vn¥Y)=(U+V)NYES U+ V S W. Suppose that a EF,x EY
and let W be any open set in ¥ containing @x in Y. Since W is open in ¥ and ¥ is open in X,
W is open in X containing the point @x. By hypothesis, there exists an *3-open set U & F of
@ and VS X of ¥ such that UV S W. By the definition of subspace topology, the set
A =UnNF is *3-open set in F containing the point @ and the set B = V' N F is *d-open set in
Y containing the point v. Also AB S UV S W. Hence every open subspace of an *&-
topological vector space is also *3-topological vector space.

Theorem 3.6. Let (Xz,7) be a *3-topological vector space and ¥ € X; (Y5, 7y) be a
subspace of [X ( F},r). Then ¥ is *§-open in X provided that it contains a non-empty *d-open
subset of X.

Proof: Let U be any non-empty *3-open subset of X such that /' & ¥. Since any *6-open set is
open, U is open in X. Let v € ¥ be arbitrary, then ¥ + U is *d-open subset of X such that
v+ U EY¥.Then y € int, E(I’]. This implies that ¥ < L'ntsﬁ[}’]. Always int, E(Y] C ¥. Hence
¥ = int, (¥). Thus ¥ is *3-open subset of X.

Theorem 3.7. In a *3-topological vector space (X, T), for any *3-open set U containing O,
there exists a symmetric *8-open set V' containing @ such that V + ¥V < U.

Proof: Let I/ be any *6-open set containing O. Since every *3-open set is open, U is a open
set in X containing 0 = O + 0. By the definition of *3-TVS, there exists *3-open sets V; and
1, containing @ such that V; +V, € U. By the definition symmetric, ¥; n (—V;) and

1, n(—V,) are symmetric sets containing . Since intersection of two symmetric sets is
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always symmetric, [V; N (=V; )] n [V, n (=V;)] = V is a symmetric set containing 3. Clearly
V=mn(-winn(-KL)]EV and V=[V,n(=V)]In[V; n(-V;)]< V,. Then
V+VEV, +V,CU.

Theorem 3.8. In a *6-topological vector space [X ( F},r), a scalar multiple of a *6-closed set is
*d-closed for any @ € F.

Proof: Let U be any *d-closed subset of X and @ &€F be arbitrary.
(alU)® = X\aU = a(X\U) = aU®. Since U is *3-closed subset of X, U® is *3-open subset of
X. Since every *6-open set is open, U is an open subset of X. By Theorem 3.3, alU° is a *5-
open subset of X. Then (alU)° is a *3-open. So zl is *3-closed subset of X.

Theorem 3.9. Let A be any closed subset of a *3-topological vector space (X7, 7). Then

the following are true.

(i) x + Ais *3-closed for each x € X.

(i) wA is a *d-closed for each non-zero scalar a in F.

Proof:(i) Let v € ¢l 5(x + A). Now consider Z = —x + y and let W be any open set in X
containing Z. Then by definition of *d-topological vector space, there exists *3-open sets I/
and v in X such that —x€EU yeEV and U+vow. Since
veEcg(x+4), (x+4)n¥Y+0. Then there is atc(x+4)nV. Now
—x+a€ANU4V)CANW = AnW 0 = Zecl(d)=A = yeE x+ A Hence
el (x4 A) S x+ A Always x + 4 S el ;(x + 4). Thus x + A4 = ¢l 5 (x + A). This proves

that x + A4 1s *6-closed in X.

(if) Assume that x € ¢l (@A) and let W be any open neighborhood of ¥ = ix in X. Since

(X¢,T) is *3-TVS, there exists *5-open sets U in F containing i and V in X containing x
such that UV © W. By hypothesis, (@4) NV # @. Therefore there is a € (a4) NV. Now

iaEﬁlﬂ(UF]EﬂnW =ANw=0 =yec(d)=4 = x€ aA.

Then cl z(ad) € aA. Always ad S cl z(ad). Hence ad = cl g(ad). Thus ad is
#* § — closed set in X.
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