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Abstract

This article, concerned with oscillation behavior of
solutions of second order delay difference
equations .We present new oscillation results by
utilization the Riccati substitution technique and
give an example to illustrate the main result.
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INTRODUCTION

The second order difference equation have
been the subject of investigations by many
authors; See for examples [1-4,6,8-12]. In this
paper,we will be concerned with a oscillatory
behavior of solution of second order delay
difference equations of the form.

A (1A(z)) + ki 9(zi—.) =0 (L.1)

Where, {r_l} and {k_I }is an eventually positive
real sequences; and g is sequence of reals and
non-decreasing with zgz = 0; forz # 0

and % >u; p>(1.2)

Z
nd lim —
and it 5

=N< oo, N>0.(1.3)

By a solution of Eq. (1.1), we mean a real sequence
{ z_I} satisfies Eq. (1.1) for

1=10 . we consider only those solution z_I of Eq.
(1.1),which one nontrivial such a solution is said to
be oscillatory if it has arbitrarily large zero and non
oscillatory otherwise.

2.Preliminary Lemmas

In the following section, we present the
auxiliary lemmas which help in validating the
important of results.

Lemma 2.1:[5] Let Y = 1bearatio of two odd
numbers P,R,A,B € R.Then
y+1 y+1 L

Pv —(P—R)7 < RTY[(1+Y)P-R],P,R20.

and
L - yy Ay+1

< .
= eyt By

B>0 -

Lemma 2.2:[13] (Discrete Kneser Theorem). Let
{z_1} be defined for 1 =1_0, and z_I>0 with
A”m z_] of constant sign for I =1_0 .And not
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identically zero .Then,there exists an integer h,
0<sj<m , with (m+h) and odd for A*m z_I<0
and (m+h) even for A*m z_1=0 such that,

i. h< m-1 implies [((-1))] N(h+g) Ag
z 1>0foralll =1 0, h<g<m-1and

ii. h=1implies A*g z_1>0, for all large 1=
1 0,1I<g=<h-1.

Lemma 2.3: [13] Let {z_I} be defined for 1=1_0
and z_1>0 with Am z_1 <0 for1 =1_0 and not

identically zero .Then there exists a large 1 1=
10 such that

sz—h—ln l Z ll .

Where 1 is defined as in lemma 2.2, further if
{z_l} is increasing , then .

lz(m 1)! (2m 1

Yynmlam=t oz forall | >2m"1 ],

Lemma 2.4:[7] Let {z 1} be an eventually
Positive solution of Eq:(1.1).Then one of the
following three cases holds for all sufficiently
large I.

(F1) : z_1>0,( r_1 A(z_1)>0,A (r_1 A(z_1))<O0;
(F2) :z_1>0,(r_1 A(z_)<0,A (r_1 A(z_1))<0;

(F3) : z_1<0,(r_1 A(z_1)>0,A (r_1 A(z_1))<0;
Proof:The proof is similar to that of Lemma(2.1)

of [7] and hence the details are omitted

3. Main Results.
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In this segment, we will build up some
wavering standards for Eq. (1.1)
For comfort, we signify

—vo 1 (- )
G, = s=l7, S = UK > )

Qi =p S+ W]
and Ap_l=max{0,Ap_l}

A 2
¢= ﬂ t .
1G]

In what follows , all happening utilitarian
imbalances are accepted to hold ultimately,
that is , they are fulfilled for all sufficiently
enormous , As regular and without loss of over
simplification , we can manage at least certain
arrangements of equation.

Theorem 3.1:
Let the Eq. (1.3) holds . If

lim sup Y GKs >N ...... 3.1

Then every solution of Eq. (1.1) is oscillatory.
Proof:

Acceptin actuality , that {z_l}is a ultimately
positive sequence, certain arrangement of
Eq.(1.1). Eq. (3.1) suggests,

Zfs‘:lo GsKs <.

There by z_1 satisfies (
which yields

F_2) of Lemma (2.4) ,

O S Zl—‘[ +rlAZl—T S Zl—‘[ (32)
Setting;
81 = 7 + rlA 7, Gl . (33)
We see that
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& < z,09(8-7) < 9(z-—)-
A straightforward calculation guarantees that

Summing from I-t to 1-1 we get,

Eq. (1.1) can be changed into the structure. -1 Az _ 2z P oz (= T)
ZS Tz = l zi; — (1-1)?%2 2z = (3 7)
A(rAzGy + ) + Gikyg(z-) =
0, It follows from (r_1Az_l) < 0 ,we get
r
which talking into account Eq. (3.5) infers that Azg < (r—l) Az; .
. .2 .. . s
o_lis a pos1t1.ve d1gmfy arrapgement of first Summing from 1 to 11, we get
order delay difference inequality.
A8+ Gk g(6;-1) <0 L L I
Summing from I-t to 1-1 we get o= Az < ZS=1E Az
1
6[ > Zé—l G ksg(6l ‘L') gi;—‘r ) Zy, <z + I'lAZl Zé:llr_ (38)
-t
> g (6,_;) ZS LGk Letting |_1— << ,we obtain
Thus we get, z; = Gyr; Az,
S1—¢ -1
——— > X Gsks .
g (61-7) Zs=i- Gsks Which implies that
Z]
A (=
Hence, Define the function y, b
t t
;1msup25 L GK, < llmsup(g(6 ) < N. efine the function x; by
—00 l-T
but is a contradiction. X = 01 [rnZA 2y Gl ] (3.9)
l 1
Theorem 3.2: Then
Assume Az_1<0, (r_1Az_1) <O0.If there xe>0for I =1
exists positive sequence .
_ 142 1 A(rAZy _
Axi = Apy [ Zz +Gz]+ +1 = Axi =
p such that Ap, [rlAzl + ] . [A(rlAzl) +
2 1 1 i
20 Qs —BEE) =0 (36) el (zl)]“’lﬂ G a)
. . . A =A [”Azl +i] +
Then every solution of Eq. (1.1) is oscillatory. Xe=Ap |~ o
Proof : [zlA(r 1Az)-T lAzlAzl]+ ( 11 )
Assume that (F_2) holds , By lemma (2.3), "'*! 217144 PG o)
we find
l A 2
z1 2 (3)Az Zill s 7
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1Az 1 A(r A zp) 2
A= Apl[ +a_l]+pl+1 [ P B <2+ pras klu—-pmrz(p"rl) +
rlAZZl AG] 1 2X1
+ — — —
ZlZl+1] Pr1 (G1+1Gl) Pr+1T1 (T‘lGl) [plrl T G[] (3 12)
From Eq.(3.7) and Eq.(3.12)
Using Eq.(3.9) we obtain
Apy (1-1)? X\
Ax; £ — X1+ P11 Knb——- pr41l +
A 1 A(r Az l l 1+1 Kn 1+117
AXl = Apl [rlZlZl +G—l] + P41 lel L. Pr+11 L ( 1 ) [ 21)2(1 1 ] (plrl)
[ xe. 1 ]2+ Pl+1 (l) Preali A
ripr v Gl GG \n 5
Ap; Xi
Mot [ Tibz A(rzAZz) Ax < > X + Pi+1 SnPi+171 (_pzrz) +
Ay, = p plz— —|[+p o P+l 1 2x 1
z l i () 2
xu 1 ] 4Pl (l) nG/ Ly TG
[rlpl r1 Gl GG \r/” o .
This implies that
Ap; A(riAzp) Xt
Axi=—xi + -Pr+111 [ -
p1 Z] TPl Pl 2 (_1 2
1 ]2+ Pl1 (_) (3.10) Ay < (pz + Gm) Xi (pzrz) Xi” Pi+1 (Sn +
ry Gl GryqGy 1
T Glz
Using lemma (2.1) with _
p=_X .p=_'_ .9-1 Thus,by Eq.(3.10) yield
rip1L TG
1 2
We get AXqu)le—(plrl)Xz
-] = () - () 2 ] b
Xt 1 X1 1 2X1 1
— > Y S T Pl
ripr TGl T \piry nG/ Lppry 116G _ _ (1 2
(3.11) Ay = —Qitdr x; (pzrz) Xt
From (3.10) and (3.11) we obtain ; Applying the Lemma(2.1) With
A(rlAZl) X \?
Ax <— Xot Pt " Pr4al [ —) —
l l 7 +1%1 (PlT'l) A:q)l ’B:(;) and x= X ,We get
(e ) -5 | "
nG/) Lpir; 116G Ay < (_Ql M) (3.13)
A A(r A
Ay < ﬁ X + (TLZZ 2D Pr+117 (plxil) + Summing from 1 to [; we get
[ 1 b, _Prid®) o
Pr+1hi (T‘lGl) [plTl T Gl] L (Ql 4 ) -

X=Xt = Xa
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Which contradicts Eq.(3.6).The proof is complete.

Example 3.1: Consider the second order delay
difference equation.

A(12(A2 1)+2(21%+2 1+1)7,_5=0 | =4 (3.14)
Here: ;=12 , K;=2(21?+2 I+1) and Tt = 3

One can show that all the important conditions of
Theorem(3.1) are satisfied .]

We have G; = Z;"’:lslz <
Set p=1
hm sup Yoz GsK; —hm sup Y2, %

Hence by Theorem (3.1),every solution of Eq.(3.1)
is oscillatory

Example 3.2: Consider the second order delay
difference equation.

A(2(Az}))+16z,_4=0, 1= 2 (3.15)
Here: =2, K;=16 andt =1

One can show that all the important conditions of
Theorem(3.1) are satisfied .

Setpu = 1and p;=I

we obtain

=yri<oand %2,(Q o,

__PsTs ¢’sz):
4

Hence by Theorem (3.2),every solution of Eq.(3.2)

1
is oscillatory, one such solution is z; = =D )
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