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Abstract

n the present paper, we investigate the i‘("mﬁ(ﬁmﬂ("“; pm"mg))) *”m""(ﬂm“("m+; P“Wﬂ))*”(""ﬂ)=°
oscillatory  behavior  of third-order
neutral  difference  equation  with

damping and distributed delay. The equation is

§ ol Throughout this article, we always make the
given as follows.

hypotheses as follows
» (H):{r,Hn,} are positive real

b b
A (rma (ﬂma (xm+ > pmxw))) 1,0 (ﬂma (xm+ > pmxw)) +G(x, )=0 sequences with
- - 11 18y
T, - exp(TEh %) =o0
Sy v

» (H,):{B,} is real sequence with

] 1
Keywords: third — order, oscillatory solutions, L= my 3_5":'3
delay and damping term. 2010 MSC: 39A10. > (H):{o,) is  sequence  with
. 03X, . p,Sp=1
1. Introduction » (H,): pand 1 are positive integers,

In the present paper, we investigate the >
oscillatory behavior of third-order neutral
difference equation with damping and
distributed delay. The equation is given as
follows

.
(H.) :Gbea func’clonTW:I =q, .
Letting

— b
ym_xm+ E:m=a' Pm Xm—.c.r
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A function x,, is a solution of equation
(1.1) on positive real sequence for every
m—1z=mywith x_ £ vy, and r A(G_Ay,) be a
positive real sequence. We focus on the
solutions
satisfyingsup{/x, fm<m, <o }>0.m =m, . The
solution with arbitrarily large zeros on
positive sequence is treated as an oscillatory
solution.

2. Preliminaries:

For the oscillatory solution of (1.1), we
usually talk about the eventually positive
solutions. In this section, the following, results
may play an important role in establishing
new oscillation criteria for (1.1).

Lemma 2.1: Assume that x,, is positive real
sequences that there are two cases as follows,

i) Fp=0Ay, =0, A(B Ay,,)=0,
ii) V=04, <0, A [ﬁmﬁym] =0,

For m=m, =m, with sufficiently largem,.

Proof: We see that {x,,} is the positive solution
(1.1). Then if follows from (H;). That
X,_,»0and x,_ >0 for m;>m, with

m-—p m—lL
sufficiently large m,. Respectively it is easy to
get Fm }XI.'I.'I.}G

From (1.1) and (H;) we get
ﬁ (rl.'l.'l.ﬂl [BI.'I.'I.ﬂl [FI.'I.'I.))) +n|.'|.'|.ﬁ (BL'I.'I.ﬂ (Fl'l'l.j )+G (xl.'l.'l._'l.'] :':I

d
A (rpd(Bad (V) 1A (B (7))<— Z G(x,_.)

m=c
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d
=— E m=¢ 1 [xm—r]
=0

It follows that,

m—1 1 my Ny __
E5:L11.: r exp (Eszmi v ) =00,
m 3

1My
i

exp Z r_5 rmﬂ"[’_Bm&(Fm))ﬂﬂ
5

s=my

Then
o R ;
exp (I, =) 1, A(BnA(,)) is a

decreasing functions,with one sign eventually.
Thus, from (H,)

"ﬁ' (Bm"ﬁ' [:Fm] )<O (OI') "ﬁ' [:Bmﬂ' (Fm] )>0

for m,=m,=m,

We claim that A(B,A(y,,))>0, Suppose
"ﬁ' [Bm"ﬁ' [:Fm) )EDJ

According to the monotonic of
exp (I, %) 1A (B () =—M

For M>0, summing the above inequality on
[m, , m—1] to get

-y 1 yon
A (BLu A [:Fm) )E_M E?L:ll{: ; exp (_ E;u:u-h L_)

m—1 m—1
I

1
Bmﬂ'(}rmjEBmﬂ(Fij_M Z —exp | — Z —
g 'm re

5=my

Lettlng m—+—o . We have Bmﬂ" (ij_}_ 0o,
because see (H,;). Than it follows from
A (_Bm A [Fm] )EDJ that Bm'ﬂ (ij EBmE A (ymE :] fOI'
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m=m; =m,. Dividing by [
[m;,m], we have that

n and summing on

1
¥m ™ ¥ma 5BmS A (Fmgj E;ﬂ l‘i] i

From condition (H;), we have y,——coas
m—00. this contradicts y,, >0, which implies
A(BnA(y,) )=0. We complete the proof.

Lemma 2.2: Assume that x, is the positive
solution of (1.1) and y,, satisfied case (II).

Suppose
o) 1 e 1 _
E:mzm'l Ezmzvr_uzm:u L =0,
2.1)
Where g,=%7_.g,. then lim x, =0

m—roa

Proof: Suppose, we see that x, is the positive
solution of (1.1) for (my, ) Due to the fact that
case (II) is wvalid for p, , we obtain
lim y,, =1> 0. and that we use proof by

contradiction to prove I = 0. Suppose [ = 0.
Then it follows that l+e>y, =1for
e > Owith m = m, = myTaking € such that
pe < I{1 — p), from
(H;), (H,) , and property (Il), we have

v x?]"l + Zi':l"l ﬂpi']"l m—u

x Zi':l"l ﬂp?ﬂ m—j

(ak,, mﬂ[ﬁmﬁ(m)] <Sky, _q

Summing on [m,=] to obtain

i']"l ?ﬂ&'[ﬁ?ﬂ&( ))+SE$:?J‘I|-, }Fi'ﬂ—fq E ﬂ'

By morality of ¥,-,>1! and Ak, = 0,we

conclude
T A (B () ) +SIE5_, g, = 0
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This yields
ﬁ?ﬂ&(a ?J"I)+ Zi':l"l .Jun :: ':I
ﬁ(v?ﬂj + Zi‘ﬂ 1- Ei':"'l —u qu.l :: ':I

Further summing on [m,, o] to get
DD F IS > PR

This contradicts (2.1), which leads to [ =0,
and then lim x,, =0 from

T —+og

Vi = %, = 0. we completed the proof.

3. Oscillation result
Some new Oscillation criteria for (1.1) are
obtained by using the generalized Riccati
transformation, inequality estimation, integral
averaging techniqye and Philos type
technique
We define function h, H: Ny X N, = R
such that there exists a double sequence
{H,,, :m = n = 0} such that,
)H,,=0form=0
ii)H,, , =0for m>nz=0
) AHpy = Hypi1r —Hpn <0form=nz=0.

iii
ﬂ"f H:':n,n = _h(m’ Sj\"l H(ml Sj

m,n

Theorem 3.1: Assume that (2.1) hold and there
exist H € X and £ be a positive sequence, such
that
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'>Pmrmh2(m‘5j

EM = llm 1 sup (H(m S)ps — ” ) (3 3)

H(m M)

Form=M=my,5>16 =0, where
(1—plfqg _
" Pm = XP Xltp

R, =pPm—F"—
(3.4)

™m ™m IE"I"I

fi'l"l = max E¢?ﬂ’ D}

Then any solution x,,
or converges to zero.

of (1.1) either oscillates

Proof: Let x,, be a non-oscillatory solution of
(1.1) without loss of generality, we assume
that =x, >0 for (H,) and (H:), we have
Xy = 0, forn = n; =n, € N, for sufficiently
large n,. From Lemma (2.1), v,, is one case of

() and (II).

Case (D):
Let y,, satisfies case (I) of Lemma (2.1)

from (1.2), we have

Ym = L + Zm a Pm® m—u
= (1= D) ¥m
= (1 - P)Vm
From (#;) and (#;). By (#;) and the above
inequality, it is obvious that

d
A {rmﬂ[ﬁmﬂ(Ym))) +nm'ﬁ[:ﬁmﬂ'(ym))£ - (l_p) Z Qe xm—p

m=c

S—(1-P)¥p-ul

P A m Ay )]
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f'mA(BmA(me)A(ﬂmA(ym]

ul
Pm+1 BmbVm Bm+18Ym+a

< Apm

B L ) [w] o [nm(ﬁmA(ym))] Xm®
= + .

pm mtl Bm+18Ym1 mil | Bm+18Ym1 Pm+1Tm
<-p [(1’13),‘/"1’#1-1?01] X

n m+l Brmt+18Ymis ] PmtaTm’

By property (I), there exist a limit of f as

¥m
C . 1
m — o0, which is denoted by ~ lim — = 1.
m—+oo 8¥m
. T . 1 T
Choosing == I, we obtain . =21 for
2 m 2
. __wbn
m=my, =m,. Letting &6=-—/7 , from
m—c =4 in (H;) we have
L™
ﬂ"‘:‘]“:ﬂ;'rl = _Rm+l - . "
Pm+1"m

Where R, is defined in (3.4). Multiply the
above inequality by H(m, s) and summing the
inequality from m, to m,we get

z H(m,s)R,, = z H(m,s)X,, — Z H[m,s]%

=M =M Sy,
m m m

Z H(m,s)R,, < H(m,m,)X,, — Z h(m,sj\,fm— Z H(m,s) X

Pr41Tm

s=m, F=m, s=m,

|5
<H(mm,)X, I, (h(m,sw—mpt" +

x |H|m;) + Em Epmr B (m.s) _
m,|g S =TT, 4
N 2 Pmrm

From the mtegral averaging technique. Then
p?]"li' II' [:m’ S:]
Z H(m,s)R,, — =

Z (S — 1)H(m,s)X,,*

spm:-\ﬂ

lim sup

M —oa

X — lim
= !ﬂ—'wH[m,m:

Putting that X, = p, ==~ 7%=, m=m;  Thys, itfollows from (3.3) that
with p,, givenin (3.4) , we know Cm =X , Mm=Zmy
AX,, = Apy, TmA(BmA(Ym)) + psr A [ﬂnﬁ(ﬁmﬂ()’m)) And i
BmAym BmdAym ; . 1 (5 _ l]H(m, S)xm: —x i
< Ap TinA(Brmd(¥m)) Yp [A(rmﬂ(ﬁmzl(ym))] B oo me(m’m ) Z S Poerm Xy~ <@ (3.5)
- m Bmdym m+l Bm+18Ym+1 mem.
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Next we claim

E;u M PmTm { oo
X )
Suppose Xii, —®-=o0w it follows from
2 PmTm
(3.1) that
inf [lim Lﬂ’ﬂ] >
Szmy Lm—oe Himamg)

For u = 0, and then

Himmg)
——= = u, form = my; = m, thus we have
Him.mg) =~
2
ped > 2
=My g
For T, = 0.then,
when m = m5, we conclude
1 m H(m.s)Xy" — 1 m dH( ”"-5':'23 Km
H(m,mg) ~M=Ms F‘mr-n Hi{mmg) s=mg
. _Em _ @H(m.s=)
Himmg) p =% my o=
- iH(m,maj
T u Himmg)
=T,
This implies
. 1 m H{m,s'}x'm""
lim — L, — - =
m—roa H{mamy) 4 PmTm

This leads to a contradiction with (3.5), then

€ conclude
. 1 H(m.s)X," .
lim m  ZAMEm - gn
m—oa Hi{m,my) 3" My P :Wthh

contradicts (3.2).

If ¥ satisfies  case  (I), then
lim x,, =0,from (2.1) and Lemma (2.2). The

m—+ca

proof is complete.
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Theorem 3.2: Assume that (2.1) hold and there
exist HE X and w,, be a positive real sequence
such that

S :l'mh""{m,.s}

T
;l:}]—rc-u Him '-’1'}E [H[m" S)B ] 4(z—1)
(3.6)
For 5=1,8 =0andm = M = m,,
Where
By = Uy, — SPmTm B,
Pm = EIPEE mg ?: (37)

1+Ry)0q
Un = Pm "'Eanz — Ny By — A(1 By) + %}

(3.8)

2z

F—m
2 Pny

Then any solution x,,
or converges to zero

of (1.1) either oscillates

Proof: Let x,, be a non-oscillatory solution of
(1.1). Without loss of generality, we assert that
x,,>0. On positive .It follows from (H,) and
(Hs) that x,,-p>0, is positive real sequence for
sufficiently large m, from Lemma (2.1), y,,is
one case of (i) and (ii)

¥, Satisfies case (I), then by letting

_ "mﬁ':lgmd':ym):l M = m.
xm = Pm |: Bomd ¥ +T;'J1'B:'J’1:|’ - 1
We claim that
— nﬂa[ﬁ?ﬂd(}ﬁlﬂ)) T:lna[ﬁmd(ym))
‘dxm - dpm [W + TmBm] + Pm+1 [BT + (Tr:ngm)
?ﬂﬂ B?ﬂd(o ?}1) ﬂ B?ﬂﬂ( ?ﬂ
d‘x‘m = dpm {%+nngm]+pm+l |: émd v, +d( m m):l

All Rights Reserved ©2025 International Journal of Computer Science (1JCS Journal)

Published by SK Research Group of Companies (SKRGC) - Scholarly Peer Reviewed Research Journals

www.skrgcpublication.org

Page 5




ey

INTERNATIONAL JOURNAL OF COMPUTER SCIENCE (

Scholorly Peer Reviewed Research Journal - PRESS - OPEN ACCESS
ISSN: 2348-6600

\

Since 2012
www.ijcsjournal.com Volume 14, Issue 1, No 01 2026 ISSN: 2348-6600
REFERENCE ID: 1JCS-576 PAGE NO: 001-006
mﬂ[ﬁm‘d(}’m)) l'5‘(18?:t1ﬂ(vr:r|)) Then
A =40 [ Bl ( +r::r|8m)+(pm+l [ ) Bz 18¥ms1 ] .
r;m'ﬁ Bmd (}’m) A JBm‘d(vm) m _"-n',ﬂl.-n:"m—;'rl‘_:?]"l,&:l
R B e M H(m, 'fr:lz =u(H(m. )Bp ==,y = XM
px <bmy [(1= Ryl 1 A(BA(3,0) (a[ﬁmd(ym))):] This contradicts (3.6)
m = m m+l -
Pm l B+ 18Yms1 Brms18¥m+1 B+ 18Ym+1 If Vim satisfies case (“)’ then lim Xy = 0
M —og
+p,.:14(1,B,,.) from (2.1) and Lemma (2.2). The proof is
complete.

In the same way as Theorem (3.1)
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